We investigate the motion of spinning test bodies in General Relativity. By means of a multipolar approximation method for extended test bodies we derive the equations of motion, and classify the orbital motion of pole-dipole test bodies in the equatorial plane of the Kerr geometry. An exact expression for the periastron shift of a spinning test body is given. Implications of test body spin corrections are studied and compared with the results obtained by means of other approximation schemes.
I. INTRODUCTION
Extreme mass ratios in astrophysical situations, for example as found in the galactic center, allow for an approximate analytic description of the motion in certain parameter regimes. The steadily improving observational situation of the galactic center [1-3] may soon enable us to test different competing theoretical approaches to model the motion of astrophysical objects in the theory of General Relativity.
In this work we study the motion of extended spinning test bodies in a Kerr background. Our starting point is an explicit velocity formula based on the multipolar description [4] [5] [6] [7] [8] of pole-dipole test bodies, with the help of which we classify the orbital motion in the equatorial plane of a Kerr black hole for aligned and anti-aligned test body spin. An exact expression for the periastron shift is given and compared with corresponding post-Newtonian results. We provide an estimate of the test body spin corrections for orbits around the black hole in the galactic center.
The structure of the paper is as follows. In section II we provide the equations of motion for spinning test bodies and derive a general formula which relates the momentum and the velocity of the test body. The motion of spinning test bodies is then studied in a Kerr background in section III. These equations of motion are of a mathematical structure which allows for an analytic solution [9, 10] and a systematic classification of different orbit types in section IV. In section V a general formula for the periastron shift is given and compared to corresponding post-Newtonian results. Our conclusions are drawn in section VI. In the appendices A and B we pro-
II. EQUATIONS OF MOTION OF SPINNING TEST BODIES
The equations of motion of spinning extended test bodies up to the pole-dipole order have been derived in several works [4] [5] [6] [7] [8] 11 ] by means of different multipolar approximation techniques and are given by the following set of equations:
Here u a := dY a /ds denotes the 4-velocity of the body along its world line (normalized to u a u a = 1), p a the momentum, S ab = −S ba the spin, D ds the covariant derivative along u a , and R abcd is the Riemannian curvature. Eq. (2) implies that the momentum is given by
where m := p a u a . Note that in order to close the system of equations (1)-(2) a supplementary condition has to be imposed.
A. Conserved quantities
If ξ a is a Killing-vector, i.e. ∇ (b ξ a) = 0, then the quantity
is conserved, see e.g. [11, 12] for a derivation.
Other conserved quantities depend on the supplementary condition. In the pole-dipole case, the spin length S given by
is conserved for the two well-known supplementary conditions of Tulczyjew
and Frenkel
Apart from m one may define a mass m by m 2 := p a p a . In the pole-dipole case m is conserved if one chooses Tulczyjew's spin supplementary condition (6) . However, for the Frenkel condition (7) the mass m is conserved in the pole-dipole case.
B. Velocity-momentum relation
For either of the two supplementary conditions (6) or (7) the following relation, see [13] for a derivation, between the velocity and the momentum holds:
From the velocity formula (8) and the normalization condition u a u a = 1, we obtain -for the Tulczyjew condition (6) -an explicit expression for the mass m of the following form
where we introduced auxiliary quantities
In flat spacetime we have m = µ = m. Resubstituting (10) back into (8) we obtain an expression for the velocity
as a function of the momentum, the mass m, and the spin, i.e. u a = u a m, p a , S ab , R abcd .
C. Nonlinear dynamics of spin
For the Tulczyjew condition (6) we define the spin vector S a as
Here ε abcd is the totally antisymmetric Levi-Civita symbol; the only nontrivial component is equal ε 0123 = 1. It is straightforward to derive the equation of motion for the vector of spin:
By construction, we have the orthogonality
and noticing that S ab S b = 0 from (15), we use (13) and (14) to verify another orthogonality property
Substituting the velocity-momentum relation (13) and (14) into (1) and (16), we derive the closed system of dynamical equations for the momentum and spin vectors
Contracting (16) or (20) with S a , we verify that the length of the spin vector is constant by making use of (17) . From (15) we find
where we recall the definition of the spin length (5). The vector of spin is therefore spacelike. The dynamical equations (19) and (20) are highly nonlinear in spin. Indeed, the right-hand sides of these equations contain
Furthermore, we explicitly have
Here R ab is the Ricci tensor. The analysis of the nonlinear system (19) and (20) is a complicated problem, in general. A perturbation scheme was developed in [14] [15] [16] [17] to deal with the full nonlinear system. In this approach, one linearizes the equations of motion to obtain Dp a ds
and the solution of the full system is then constructed as a series in the powers of spin S which is used as a perturbation parameter. In the linearized case, we again have m = µ = m and hence p a ≈ mu a . It is worthwhile to note that the Gravity Probe B experiment [18, 19] is actually based on the linearized equations of motion (25) and (26) .
In this paper, we analyze the complete nonlinear equations of motion without using approximations and perturbation theory.
III. EQUATIONS OF MOTION IN A KERR BACKGROUND
In the following, we are going to study test bodies endowed with spin in the gravitational field of a rotating source described by the Kerr metric. This problem was investigated in the past for the Tulczyjew supplementary condition (see [17, 20] , e.g.), as well as for the Frenkel condition [21, 22] . In view of the complexity of the problem, the solution in most cases was obtained numerically and/or approximately with the help of perturbation theory.
Here we will specialize to the integrable case for which we obtain an exact and analytical result. The full nonlinear equations of motion are considered, no linearization or other approximation is made. Since the Kerr metric satisfies the vacuum Einstein field equation, R ab = 0, the formulas (22)- (24) become significantly simpler.
A. The Kerr metric
In Boyer-Lindquist coordinates (t, r, θ, φ), the Kerr metric takes the form
where M is the mass parameter, a the Kerr parameter, and
The Kerr metric allows for two Killing vector fields given by:
Furthermore, we have
B. Equatorial orbits for polar spin
Let us assume that the spin vector of a test body has only one, namely polar, component:
In view of the orthogonality relations (17) and (18) the polar ansatz (32) yields
Recalling u θ = dθ/ds, we thus conclude that the polar angle is fixed, θ = const. Therefore, we can focus on equatorial orbits, i.e.
The consistency of the equatorial setup (32)- (34) was analyzed earlier in [23] . It is worthwhile to note that the assumption (32) on the equatorial plane means that the spin of a test body is aligned with the spin of the Kerr source.
Let us now turn to the integration of the equations of motion (19) and (20) . The polar ansatz (32) and its corollary (33) leave us with the four unknowns {p t , p r , p φ , S θ }, which should be determined from the equations of motion. Fortunately, we have exactly four integrals of motion and we can find the nontrivial components of the vectors of momentum and spin from the following set of equations
in terms of the mass m, the spin length S, the energy E, and the angular momentum J.
From the length conservation of spin (35), we immediately find S θ = S/ √ −g θθ . For completeness we can use (15) to write down the nontrivial components of the spin tensor in the equatorial plane:
The algebraic system (37) and (38) can be solved for the momentum components p t and p φ in terms of the constants of motion:
The remaining component p r is obtained from (36).
C. Orbital equation of motion
With the help of (13), (22)- (24), (40), and (41) we can derive explicit expressions for the velocity components in terms of the constants of motion and the parameters of the test body, i.e. u a = u a (m, S, E, J, a, M ). From this we derive an explicit expression for ur/u φ ,
where we introduced the dimensionless quantities
and
with∆ =r 2 − 2r +ā 2 . In the following all quantities with a bar are always dimensionless.
D. Integration
The equation of motion (42) can be integrated analytically in a parametric form. First we notice that the corresponding integral equation
contains on the right hand side a hyperelliptic integral of genus three and the third kind. The corresponding problem for genus two was recently solved analytically [24] in a parametric form by introducing a new affine parameter λ, which may be considered as an analogue of the Mino time [25] . Together with the analytic solution of integral equations involving hyperelliptic integrals of genus three and the first kind [9] , the solutionr(λ) and φ(λ) can be found analytically. However, we will not elaborate this here but rather focus on the related classification of the orbits, and on the periastron shift in section V.
IV. CLASSIFICATION OF ORBITAL MOTION
We will now analyze the orbital motion in the considered setting of equatorial motion with aligned spin.
Observe that the substitutions (ā,J,S) → (−ā, −J, −S) and (Ē,J) → (−Ē, −J) only change the sign of the equation of motion, dr dφ → − dr dφ . Therefore, this only reverses the direction but leaves the type of orbit unchanged, so we chooseā ≥ 0 andĒ ≥ 0.
A. Circular motion
From equation (42) it can be inferred that the expression under the square root given by (44) has to be positive to get physical meaningful results. Only ifPā ≥ 0 motion is possible for the given parameters of the spacetime and the particle. The pointsPā = 0 define the turning points of the motion. Coinciding turning points correspond to circular orbits and are given by double zeros ofPā,
Solving this two conditions forĒ andJ yields
wherē
If in addition to the conditions (47) also dr 2 = 0 is of particular importance as it marks the transition from bound motion to infalling orbits. In figure 1 the radius of the innermost radially stable circular orbit is plotted as a function of the spinS for fixed values of the Kerr rotation parameterā. Note that in general radially stable orbits may still be unstable against perturbations in the θ-direction. Suzuki and Maeda [26] have shown that radially stable circular orbits become unstable in the θ direction for large positive spin valuesS 0.9, but they only considered prograde motion (āJ > 0). However, from figure 1 we infer that radially stable retrograde circular orbits with negative spins may come closer to the horizon than the corresponding prograde orbits (see also [27] ). Therefore, it would be interesting to analyze whether the same instabilities as reported in [26] also appear for retrograde orbits with negative spins.
B. General orbits
For given values of the parameters of the spacetime and the particle all possible types of motion are given by the regions wherePā ≥ 0, which can be directly inferred from the number of turning pointsPā = 0 and the asymptotic behaviour ofPā at infinity. If we continuously vary the values of the parameters, the number of turning points changes at that set of parameters which correspond to double zeros, and which are given by (48) and (49). The asymptotic behaviour ofPā changes at E 2 = 1. Therefore, we may already infer all possible types of orbits from the analysis above. In Fig. 2 , orbit types in parameter space are shown for fixedā andS. Note that we only consider orbits which start at a radius r >r + = 1 + √ 1 −ā 2 (motion outside the horizons).
C. Schwarzschild spacetime
In Schwarzschild spacetime (ā = 0) the quotient of the velocity components simplifies to
Withā = 0 the polynomial in (44) does not reduce its degree, butr = 0 is always a zero. The conditions (47) forā = 0 are solved bȳ 
V. PERIASTRON SHIFT
Let us consider the bound orbit of a spinning particle in the equatorial plane with turning pointsr p <r a . In this casePā has at least four real zerosr 1 <r 2 <r 3 <r 4 withr 3 =r p andr 4 =r a . The periastron shift ∆ω = 2π(K −1) is then given by the difference of the periodicity of the radial motionr(φ) and 2π, i.e.
where f =rQ ∆(r 3 +S 2 ) .
Let us write Pā = (Ē 2 − 1)
(r −r i ) wherer 1 < . . . <r 4 ∈ R withr 3 =r p ,r 4 =r a , andr 5 , . . . ,r 8 ∈ C. If we introduce a new variable z byr = (ra−r1)(rp−r1) z(ra−rp)+rp−r1 +r 1 FIG. 3 . Orbit types in parameter space for Schwarzschild spacetime. The blue and black lines divide the plot in four regions of different orbit types. Here, B denotes a bound and F a flyby orbit. A star indicates that the particle crosses the horizon. If more than one type of orbit is possible, the initial conditions determine the actual orbit. On the blue lines the orbits are circular and the dot indicates the innermost circular orbit which is stable in the radial direction. Only on the blue line from the dot approachingĒ = 1 the circular orbits are radially stable.
the expression (56) transforms to
where the constants C i , B j are the coefficients of a partial fraction expansion of f (r(z))/(r(z)−r 1 ) 2 , which are given in appendix B, together with the characteristics b j . The parameter l = (l 1 , . . . , l 5 ) is defined as
The expression (57) can now be rewritten in terms of Lauricella's hypergeometric F D function, which is given in terms of a power series and can be calculated quite easily, see appendix B for details,
where β = (β 1 , . . . , β 5 ) with β j = 1/2 for all j, β * = (β 1 , . . . , β 5 , 1), and l * bj = (l 1 , . . . , l 5 , b j ). 
, where Π is the complete elliptic integral of the third kind, and we find
If in additionā = 0 we find B 2 = 0, B 1 =J, and b 1 = 0 which gives
where
is the complete elliptic integral of the first kind.
For spinning black hole binaries in quasi-circular orbits the post-Newtonian expansion of the periastron precession was determined in [28] , see also [29] . In [28] the test particle limit in the pole-dipole-quadrupole approximation (their equation (24)) was considered, which reads for the periastron shift
Our expression (60) forr a =r p reduces to A comparison of these expressions is visualized in figure  4 . In the region of large r, where the post-Newtonian approximation is valid, the two expressions coincide very well. For smaller values of r, say around r = 500M in fig. 4 , the approximate formula (63) works still quite well for vanishing spin but shows already quite significant deviations for larger values ofS. Here the quadratic effects of the spin, which are neglected in (63), apparently become already important, at least in combination with the post-Newtonian approximation.
Let us apply the exact expression (60) to a stellar orbit around Sagittarius A*, the massive black hole at the center of our galaxy, to get an impression about the magnitude of the spin effects. We consider here SO-2 which has well known orbital parameters and a very short orbital period. From [1] we take the eccentricity e S2 = 0.88, the semi major axis d S2 = 0.123 mas, the mass of the black hole as M BH = 4.31 × 10 6 M Sun and its distance as R BH = 8.33 kpc. With M Sun ≈ 1476.9 m we derive from this the normalized peri-and apastron of SO-2 as
If we assume that SO-2 moves in the equatorial plane of a Kerr black hole we may use (60) to derive the relativistic periastron precession including the effect of a possible spin of SO-2. The usual post-Newtonian formula for the relativistic precession per orbital period is
This value is in good agreement with (60) forā = 0 andS = 0, ∆ω(ā = 0,S = 0) − ∆ω PN ≈ 3 × 10 −6 rad (remember ∆ω = 2π(K − 1)). If we assume a black hole spin ofā = 0.95 and a non-spinning SO-2 in a prograde orbit we get a correction of ∆ω(ā = 0.95,S = 0) − ∆ω PN ≈ −5.94 × 10 −5 rad. In figure 5 we see the effect of a non vanishing spin of SO-2 as compared to the case ofS = 0. For large SO-2 spins the correction is nearly of the same order as the correction due to the black hole spin, approximately ∓4.65 × 10 −5 radians per orbital period forS = ±1. For a comparison of Newtonian and post-Newtonian contributions see also [30] .
VI. CONCLUSIONS
In this paper we derived an explicit velocity formula for particles in the equatorial plane of a Kerr black hole with spin aligned or anti-aligned with the rotation of the black hole. We classified the radial motion of such particles outside the horizons and also plotted the location of the innermost radially stable circular orbit. From figure 1 it can be inferred that not only prograde orbits but for large negative spins also retrograde orbits may come very close to the outer black hole horizon. It would be interesting to analyze whether such retrograde orbits also become unstable in the θ-direction as shown for prograde orbits in [26] .
We then used the explicit velocity formula to derive an exact expression for the periastron shift of a spinning particle. A comparison with a post-Newtonian expression for quasi-circular orbits up to first order in the spin given in [28] showed that the quadratic spin contributions should be included before adding even higher order post-Newtonian terms to this expression. In order to get an idea about the magnitude of spin corrections to the periastron shift we considered as an example the orbit of SO-2 around the galactic center black hole. Assuming prograde equatorial motion and an (anti-)aligned spin of SO-2 we found that the corrections due to a spinning SO-2 may become nearly as large as the corrections due to the spin of the black hole. Therefore, this effect may become relevant for tests of General Relativity in the vicinity of the central black hole using stellar orbits. 
to other values of x by analytic continuation. It can also be rewritten as a simple series which is much more convenient for computations [32] ,
In this paper the F D function is used because it can be represented in an integral form
for Re(γ) > Re(α) > 0, where Γ denotes the gamma function. It is a generalization of the Jacobian elliptic 
where j = 3, 4, 5 and r ± = 1 ± √ 1 −ā 2 are the horizons, and the characteristics b j are solutions of the equations 0 = 2(r a −r p )(r p −r 1 )(ā 2 −r a −r 1 +r 1ra )b j
for j = 1, 2 and
for j = 3, 4, 5. Furthermore we have: 
